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The photoproduction of vector mesons(p, uj, 0) is of renewed interest because intense high energy 
beams of polarized electrons and photons are under development. These beams and also polarized 
targets make it possible to explore the dynamics of basic baryon structure. As a step toward that 
goal, an analysis of all possible polarization observables for the case of vector meson photoproduction 
from a nucleon target is presented. The question of which observables are needed to determine 
completely the basic photoproduction amplitudes and the relationships between spin observables 
are addressed. Such theorems are most readily demonstrated by representing all observables as 
bilinear products of helicity amplitudes and using known properties of Dirac gamma and spin- 
• 1 matrices. The general angular dependence of spin observables, especially near thresholds and 

^\ I resonances, is examined for the vector meson case. The criteria for a complete set of observables 

^\ ■ and the relationships between observables are then presented. 
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fSJ ■ The photoproduction and electroproduction of mesons 
J> is of renewed interest now that CEBAF has arrived. 
04 , The thresholds for p, uj and mesons will be readily 
attained and exceeded. The new high-intensity contin- 
uous beams, and the development of polarized targets 
and beams, will allow measurement of spin observables 
iy-^ _ with unprecedented precision. In addition, the measure- 
^\ > ment of recoil baryons, including the A (which due to its 
[ weak decay A ^ p + tt~ is spin self-analyzing), will pro- 
^ . vide even more spin observables. Vector meson decays 
,_H ' (p —f TT TT] Lo ^ n n TT] (p K~) provide a measure 

O , of their density matrices, which is equivalent to determin- 
ing the intensity, polarization and tensor polarization of 
these vector mesons. Such measurements were made in 
the 1960's §. With CEBAF, data of higher precision 
and completeness should be achievable 

It is therefore timely and important to study the photo 
cd ' and electro-production of vector mesons. The associated 
form factors, and intermediate isobar states should test 
quark models. The (f) meson is of particular interest be- 
cause of its simple (ss) '^S'l- quark content. It is the 
positronium of strange quarks and, in parallel to char- 
monium (cc) states, should provide insights into basic 
QCD dynamics in the nonperturbative region. Perhaps 
an intimate connection between production of ss pairs 
and baryon polarization could provide detailed tests of 
quark descriptions. For example, the family of reactions 
7P —> K~^A,jp — > K^Ti^,pp — > (fxj), and jp — > (j)p all in- 
volve ss strangeness production. In addition, they could 
also involve preexisting ss content of the initial protons 
and antiprotons. That possibility has been explored in a 
series of papers dedicated to finding direct evidence for 
an admixture of ss pairs in baryons Spin observ- 

able are probably most sensitive to such a configuration 
mixture. 
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In view of the above motivation, in this paper we dis- 
cuss some general features of spin observables for the pho- 
toproduction of vector mesons. Our approach is similar 
to that used in studies of pseudoscalar meson produc- 
tion and of the pp AA reaction near threshold 
However, for a vector meson the spin-1 complicates the 
dynamics and a more general approach is required to keep 
track of all spin-observables and to demonstrate their 
general features, e.g., their nodal structure and their nor- 
mal energy evolution. For example, the question of which 
spin observables vanish at 0° and 180°, which have nodes, 
where these nodes occur and how they are expected to 
evolve with energy (based on simple centrifugal barrier 
and/or resonance constraints) are addressed here. In ad- 
dition, we examine the question of what constitutes a 
complete set of measurements, e.g., which measurements 
are needed to determine the magnitude and phases of 
the basic amplitudes. Also, we wish to know which mea- 
surements are redundant, based on assumed symmetries. 
Such questions have been answered for the pseudoscalar 
meson case §-|l|]; those discussions are extended here to 
the vector meson case. Indeed, gen eralized discussions 
already exist in the literature JT2| , p^ , which are however 
quite different from our treatment. 

Our description uses a space of bilinear products of 
helicity amplitudes, along with well-known properties of 
4x4 and 3x3 matrix bases, to reveal the general features 
of spin observables. We also use the idea of transversity 
amplitudes |Q. For clarity, we also include the pseu- 
doscalar case using this bilinear form description and 
show how it generalizes to the vector meson case and 
indeed to many other reactions. 

II. THE BASIC AMPLITUDE AND SPIN 
OBSERVABLES 

For vector meson photoproduction, 7 -f iV V + N', 
our basic amplitude is of the form 

T=(^qXv X2\T\k XXi), (2.1) 

where the variables and the coordinate system conven- 
tions are presented in Fig. |l|. The incident and final rel- 
ative momenta are k and q, respectively. Jacob & Wick 
(JW) |]l5| phase conventions are used throughout this 
paper. We use A = ±1 to describe the two transverse he- 
licity states of the initial photon, Ai = ±1/2 to describe 
the target(iV) proton helicity, Xv — ±1,0 for the final 
vector meson helicity and A2 for the final(iV') baryon he- 
licity. For a real photon, the above amplitude represents 
3x2x2x2 = 24 complex numbers. However, by virtue 
of parity invariance there are 12 relations between these 
amplitudes and consequently we have twelve independent 
complex helicity amplitudes or 24 real numbers, at each 
energy and angle. We denote these twelve helicity am- 
plitudes by 
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(2.2) 



where a — 1---4 and \v = ±1,0, and the particular 
matrix element assignments are given below. The pseu- 
doscalar case is recovered by simply taking Ay and 
then we have 1x2x2x2 — 8 complex numbers and, after 
considering parity symmetries, we obtain the usual four 
independent (a = 1 • • • 4) helicity amplitudes Ha (9) Q . 

The vector meson amplitude can be displayed as a 6 x 4 
matrix in helicity space 
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(2.3) 



where the JW parity relation: 

{qXvX2 I T|p A Ai) = 

{-l)^f-^'{q - Ay - A2 I T I p - A - Ai 



(2.4) 



has been used, where = A— Ai and A/ = Ay — A2. The 
rows of are labeled by the final state helicities (Ay, A2) 
and the columns by the initial photon and proton helic- 
ities (A, Ai). [] The helicity amplitudes in are defined 
by the following, 



HiXyr = < Ay, A2 = 
H2\v = < ^v, ^2 = 
H^Xy = < Ay, A2 = 
H4\y = < Ay, A2 = 



+1/2 I T I A = l,Ai 
+ l/2|r| A=l,Ai 
-l/2|r| A=l,Ai 
-l/2|r| A=l,Ai 



-1/2 >, 
+ 1/2 >, 
-1/2 >, 
+ 1/2 >, (2.5) 



along with the JW parity rules. The pseudoscalar meson 
case is described by the Ay = (2 x 4) part of the above 
matrix. 

General spin observables, Q, for vector meson photo- 
production can be expressed in the following trace form: 



n = 



Tr[T{A^AN)T^{BvBN')] 
Tr 



(2.6) 



where the trace is over spin-space helicity quantum num- 
bers A, Ai,Ay,A2. This basic expression for observables 
is an average over a classical ensemble of particles in the 
beam. Interference occurs only at the quantum level for 
the basic two-body reaction. The matrices have the di- 
mensions: T {6 X 4); A^An (4 x 4); x 6); and 
BvBn' (6 X 6). 

Here A^ denotes the usual 2x2 Hermitian spin matri- 
ces (1,(?^), which describe the photon's two spin degrees 
of freedom. The 2x2 matrix An is similarly the (1, (Tjv) 



^ We often use Ai — ±1 to designate the nucleoli's helicity, 
which really has the values Ai — ±1/2. 
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spin matrices, as is B]^r{l,(TN'), which describes the re- 
coil baryon's spin state. The vector meson matrix By is 
a 3 X 3 matrix and a complete set of these is provided 
by the 3x3 unit operator (1), the usual spin-1 opera- 
tors S, plus five independent rank-2 operators T2±2, T2±i, 
and T20. These operators are given in terms of the spin-1 
spherical tensor operators 
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_ Sx± iSy c 

by the tensor operator coupling — [Si x 5i]2^ • 

Associated with the above ensemble average, Eq. 2.6, 
there are density matrices describing the polarization 
state of each particle. For example, the incident photon 
and the target proton are described by: 

Pi = ^m+a^-Ps), (2.7) 
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and 



PN = ^{tN + ^N ■ Pn). (2.8) 

The Pg above is the Stokes vector, which is used to de- 
scribe the photon's polarization as discussed in Ref. 0. 
The vector Pjv describes the target polarization; its com- 
ponent in the y direction is denoted by T = ■ y. The 
final state density matrices are for the final baryon: 

Pn' = ^{1n'+<?n'-Pn'), (2.9) 
and for the final vector meson: 

pv = ^{tv+S-Pv + 3T-Tv). (2.10) 

Using the definition S = \J\s, gives us a vector meson 
polarization 

Tr 

Pv = 



Tr [TT^ 



(2.11) 



for which each component is normalized to be < 1, since 
5-5 = 3. 

The vector meson has not only a vector polariza- 
tion, but also a tensor polarization, Ty^ . Here r • Ty = 
^^{—^)^T2-fiTy^, for the tensor polarization in a spher- 
ical tensor basis. Then one has 



.2^ _ Tr [TT^T2,] 

Tr [TT^ 



T^'-^^kj:^. (2.12) 



The initial and final state density matrices are simply 
products of the above forms. 

Pi = X pn; pf = pv y. PN' , 
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where the hehcity matrix elements of the above oper- 
ators are, for example, < | pN | Ai >, etc. Here 
the quantities Ps, P/v, PN'^ Pv and Ty^ are real func- 
tions of angle and energy which describe how the density 
matrix is formed from the basic matrices (or operators) 
1, (T-y, (Tjv, ctat', Sv, and T2^, which act in their respective 
helicity space. These "functions" are called spin observ- 
ables, with the most familiar be ing the polarization. 

To deduce the trace form(Eq. |2.6| ) for the spin observ- 
ables, one begins by expressing the general cross-section 
in terms of the above density matrices; namely, 

^{d) = Qo where Pf ^ J" p^ T\ (2.13) 

Trpi 

and qq ~ q/{2k). Then, for a given experimental situa- 
tion, one inserts the appropriate density matrices and 
extracts the associated spin observable in trace form. 



Eq. 2.6 



If one has an unpolarized beam and an unpolarized 
target, the initial density matrix is simply pi = IjIn/A 

and then with Tr pi = I^In and Pf — ^-'-^{T T'^) the 
differential cross section is 

<j{e) - go ^ Tr[.F T^] = go I{9). (2.14) 

Here we define the cross-section function T{9). 

Another important case is the single spin observable 
called the target polarization T. Now one has a polarized 
target and the initial density matrix is pi = pj x p^ = 
(IrylN /4:)'^-y{'^N +'^N ■ Pn)- and the final density matrix is 
Pf = Pv Pn' = jl ylN' Z'i)- Inserting these density ma- 
trices into Eq. [2.13 , one finds that the target polarization 
is given by: 

„ in « 1 Tr 1^ (Tn ■ V ] 

^a=10,/3=l _^ J. ^ L ^ y i_ 2.15 

Tr [TT^ ] ' V y 

where the labels a, (3 anticipate a subsequent discussion. 



Equation 2.6 can be deduced in this same manner for 
all possible experimental spin setups, including not only 
single polarized spin cases, but also situations when two, 
three, or even, for the vector meson case, four spins are 
setup as initial states or measured in the final state. 
In all cases, one simply counts and measures a general 
cross section. Expressions for extracting the spin ob- 
servables from such cross-sections are available in the lit- 
erature or simply derived from the above density 
matrix formulation. 



III. OBSERVABLES IN BILINEAR HELICITY 
PRODUCT FORM 

A. The BHP form and basis matrices 

Let us now map the above trace (or ensemble average) 
form over to a bilinear helicity product BHP form. To 
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cast the spin observables into a BHP for m, one needs to 
insert the hehcity a mpht ude matrix, Eq. 2^, in the trace 
form expression, Eq. 2.6, with various choices of the A, B 
spin operators, g Each spin observable Vl can be written 
in the fohowing general BHP product form: 

= n°'i^i{e) = ±^{H\T°'Lof^\H), (3.1) 

= ±\ E H:x.n,^l>..^H,y^- (3.2) 

a,b, Ai/,A' 



See Eq. 2.14 for the definition of 2{9). This bilinear he- 
licity product form, which is the key expression for our 
analysis, often proves to be much more convenient than 



the original trace form of Eq. 2^ . ^ We use the symbol 



to indicate the above profile function form, which is 
not to be confused with the unit vector designation as in 

y- 

For any particular spin observable, the matrices F" are 
one of sixteen Hermitian 4x4 matrices and uj^ is selected 
from nine Hermitian 3x3 matrices. The Hermiticity of 



F" and uo^ assures that Eq. 3.2 yields real observables. 
The F matrices are Hermitian versions of the familiar 
sixteen Dirac matrices: 

pi...i6 ^ l,/,^^,^^aO^,^cr0^^^70^a^^o■^^c^^^ 

(3.3) 

Note that here the four dimensional space is not that of 
a relativistic 4-spinor; instead, it is the a — 1 • • • 4 part 
of the helicity amplitude i/aAv "space." 

The vector meson part of the helicity amplitude 
"space," i.e., the Ay Ay part, is a three-dimensional space 
with nine associated Hermitian matrices lo^ . These are 
constructed from nine spin-1 matrices as: 

Lo^ = 1, vW2 5 , , \/6 i:,^ , ty, , 

[dz {txx ^yy ) - V3 t,,] , (3.4) 

where in a Cartesian basis: 

tij = ( Si Sj + Sj St )/2 — (2/3) 5ij . 

The matrices tij are Cartesian versions of the earlier op- 
erators T2^; however, we use a different notation since 
t acts in the helicity amplitude space (BHP) form of 



Eq. 3.1, while T2u appears in the trace form, Eq. 2.6 



see Appendix A. 



■^The tedious algebra was done using MAPLE. 

^ Note that the ket notation | H > does not refer to a state 
vector, but is adopted here to represent the helicity ampli- 
tudes with the convention that < aXv \ H >= Hax^iO). 
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The matrices r,w are defined to provide a complete 
Hermitian basis with the properties: Tr[r" T^] = 4 Saf3, 
and Tr[w° uj'^] = 3 S^p. The last five w^^^-'^^^-^ matrices 
are the rank-2 operators associated with the vector me- 
son's tensor polarization. The properties of the matrices 
T,u) are smximarized in appendices. 

Each value of the 16 superscripts a and of the 9 su- 
perscripts P label a particular choice of spin operators 
A^, An, By and Bn^. For example, the choice A^ = 
An — By = Bn' = ^ leads to the following BHP form 



2 ' . M..^' 

a=l \v=0,±l 



= ^{H\1n lv\H), (3.5) 



which yields the differential cross section using Eq. ^.14 



The product Cl^f^ = ^l"^ T, which is called a profile 
function, is convenient since it is proportional to bilin- 
ear products of helicity amplitudes. 

Another example is Aj — By = Bn' = 1, and 
An — ay ; then, we recover the target polarization profile 
function 

j^a=io,/3=i _^f = T 1(6) = -^{H\ u;^ \H), (3.6) 



which motivated the earlier labels in Eq. 2.15. 

As one ranges over all possible choices of the operators 
A and B, many of the traces vanish due to parity. There 
are sixteen values of a, and nine values of (3. Therefore, 
we have 16 x 9 = 144 possible T" ui^ products, which 
correspond to 144 distinct nonzero spin observablcs for 
the 7 -I- ^ y -I- A^' reaction, at each energy and angle. 
For the pion case, there are only sixteen (a = 1 • • • 16) 
such observables. Since for the vector(pseudoscalar) pro- 
duction we only need to know 23(7) of these 144(16) to 
make a complete measurement, there is clearly a great 
redundancy in the full list of spin observables. Note that 
so far the only symmetry invoked has been parity. ^ 



B. Single spin observables in BHP form 

The single spin observables for vector meson produc- 
tion are now given explicitly in terms of the above F and 
Lu matrices. Single spin observables involve experiments 
where only one of the particles is polarized. We list first 
the case of no particles being polarized: 



*The rule for parity, based on JW conventions, can be writ- 
ten as V-yPpJ- = J-^Vn for the pion case and VjVpJ- — 
J-^VvVn for the vector meson case, where Vv is an op- 
erator defined by its action on the spin-1 eigenstates by 
I 1 Av >= (-1)'-^^' 1 1 - Av > . 
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i = \<h\\t^ \J\\h>, 



(3.7) 



whi ch d efines the cross-section and corresponds to 
Eq. 2.14 . For convenience, we count this case as a single 
spin observables. 

Matrices that are diagonal in the transversity ampli- 
tude basi^ are enclosed by a box in the above equa- 
tions. The significance of these boxed expressions and 
general properties of single spin observables will be dis- 
cussed later. 

The first single spin observable is the target polariza- 
tion profile T = Pn ■ y I'- 



T = -\<il\ 



(3.8) 



the next observable is the recoil polarization Ptqi = P/v 
y' T, e.g., the polarization of the final baryon: 



Pn' = \< H\ 



101^ 



> 



(3.9) 



The next single spin observable is the polarized photon 
asymmetry E = E • a; X: 



t = \<H\ 



(3.10) 



Now we turn to the final vector meson, which has a 
vector polarization Py = Py ■ y' ^- 

Pv^l^<H\lSy\H>^^<H\\T^ {^\H>, 

(3.11) 

and also tensor polarizations, for which the transverse 
(y) component is 

= I < H\l tyy\H > 



0- 



\H>, 



with the spherical tensor components given by: 
T21 <H\\t^u;'\H>, 



(3.12) 



(3.13) 



^Transversity amplitudes are similar to helicity amplitudes 
except that the axis of spin quantization is the transverse 
rather than the particle's momentum direction. Hence, 
transversity amplitudes are defined using the axis of quan- 
tization perpendicular to the scattering plane (y) instead of 
using the particle momentum directions (2, z). 
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and 

= J < K - 1^ >' (3-14) 



= ^<H\t,,\H>, 

= 1<H\S^_-^\H>. (3.15) 

Only eight of the above single spin observables are inde- 
pendent, since we have = (— l)''T2-;x- 

The following characteristic combinations of the (3 x 3) 
^1,8,9 matrices are used above and later: 

\ 1 / 1 (l-VS) {1 + Vs) 



= 3 I (1 - V3) (1 + a/3) 1 I I ' (3-16) 



(1 + V3) 1 (1 - V3) 
which is a unitary transformation in the lo basis. 



C. Double spin observables in BHP form 



The double spin observables are now presented using 
the notation: 

^1<H\ \H > . 

The C is used to designate the spin observable profile 
function, while the symbol C is used to designate a matrix 
in the helicity Ha\y space. In addition, superscripts are 
used to stipulate the two polarized particles in the reac- 
tion. Finally, a matrix display will be used to present the 
Cartesian components of the various spin observ- 

ables; for example, instead of writing Cij as Cxx,Cxy,Cxz, 
these are presented below as the top row of a matrix. 
These conventions allow us to present the 99 double spin 
observables in a relatively compact form. M 



1. Beam-target observables 



Let us start with the beam-target (7 — N) double spin 
observables. The Cartesian terms are: 



Of the 99 possible double spin observables for vector meson 
photoproduction, 51 are nonzero, all others vanish by virtue 
of parity considerations. The nonzero 51 observables are not 
in general independent of the other spin observables. 
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( 

r5 



u:^ \ 

r3 











a; 



, (3.17) 



Note that there are 9 entries in the above Cartesian com- 
ponent (x^y,z) display, but four vanish; namely, C^x — 
Cxz = Cyy ~ Czy ~ 0. Also note that a set of five inde- 
pendent r" matrices appear above for a = 3, 5, 9, 11, 12, 
along with uj^ and the linear combination w"^ matrix 



(Eq. |3.17 ). Here both particles are in the initial state 
and the Cartesian components refer to the initial {x, y, z) 
axes of Fig. g. Of the nine possible beam-target spin 
observables, only five are nonzero. Near the vector me- 
son production threshold, only one of the above double 
spin observables is nonzero; namely, C]^ = ui^, see 
Rcf. M. 



2. Beam-recoil observables 



For the beam-recoil(7 — N') double spin observables. 



we have a similar display, C, 



h <H\ c:f\H> 



( 



^10 



OJ 



(3.18) 



but a different set of F matrices appear; namely, a — 
2, 7, 10 , 14, 16. The uj^ and uj^ matrices appear again as 
in Eq. |3.17 . Here the Cartesian components of the initial 
photon refers to the {x, y, z) axes of Fig. |l|, while the final 
axes {x' , y', z') are used for the recoil baryon N' . There- 
fore, we can extract a particular double spin observable 



from Eq. 3.18 



- r,W,A 



where 



lO.A 



10,1 



+ (1 - V3)n^"''^ + (1 + V3)n 



10,9 



Of the nine possible beam-recoil spin observables, only 
five are nonzero. Near the vector meson production 
threshold, only two of the above double spin observ- 



ables are nonzero; namely, CjjT = — F"^ uj^ 



and C 



iN' _ 



^16 



see Ref. M 



3. Target-recoil observables 



we 



a 



For the target-recoil(iV — N') double spin observables, 
" have yet another set of four F matrices appearing: 



10 





( 







_ri3 
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qNN' _ 




- 
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r8 





pis 


/ 



. (3.19) 



This time we have r"'s with a = 4, 6, 8, 13, 15. Here the 
Cartesian components of the initial nucleon TV refers to 
the (x, y, z) axes of Fig. while the final axes [x' , y' , z') 
are used for the recoil baryon N' . A particular double 
spin observable from Eq. |3.19| is: 

cf/' = -1 < H I I H >= 

This is often called where the subscript n refers to 
the normal to the scattering plane, which in our case is 
y = y'. Oi the nine possible target-recoil spin observables, 
only five are nonzero. Near the vector meson production 
threshold, all five of the above double spin observables 
are nonzero, see Ref. p^ . 



4- Beam-vector meson observables 



We now consider the first double spin observable which 
involves both a polarized photon and a final polarized 
vector meson. We again display the Cartesian com- 
ponents as a i,j array, with the spin profile function 
Cij constructed from the helicity space matrix as 
i < H\C]^\H > . However, since the final vector 



meson has not only a vector polarization, but also five 
possible tensor polarization components the matrix now 
involves the following 3x8 matrix. The three rows refer 
to the three Cartesian components i = 1, 2, 3 or cc, y, z of 
the photon's Stokes vector, while the first three columns 
j = 1,2,3 refer to the vector meson's three polarization 
components Py- The last five columns j = 4,5,6,7,8 
refer to the tensor polarization of the vector meson 
V&T^, V6T/„ y6T^^„ ^ {±{T^^ + T^y) - V^T^ 

The Cartesian components for the 7 refer to the original (x, y, z) axes and for the final vector particle refer to the 
final (x', y', z') axes of Fig. |l|. The result is: 



r4 



pi ) 
































































(3.20) 



The spin observable in the photon density matrix of Eq. 2.7 has the three Cartesian components; whereas, the vector 



meson density matrix Eq. 2.10 has three vector plus five tensor polarization spin observables. Again, that is the origin 
of the 3x8 nature of the above double spin observable display. 
For convenience, we separate the helicity space Ha\v 



into separate < 



> and Tab matrices. To 



illustrate our notation, the following double spin observ- 
able 



1 



H >=n 



4,3 
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can be extracted from Eq. 3.2C| . Another example is 



Of the 24 possible beam-vector meson spin ob- 
servables, only 12 are nonzero. Near the vec- 
tor meson production threshold, seven of the above 
twelve double spin observables are nonzero; namely, 

p-iV piV (^iV (^iV p r 



5. Recoil-vector meson observables 



Similarly, the recoil-vector meson {N' — V) case in- 
volves a final polarized baryon(7V') and the 3-1-5 vec- 
tor plus tensor components of the final vector meson. 
In this case the Cartesian components for both the N' 
and the final vector particle refer to the final {x,'y',z') 
axes of Fig. |[ Thus, a 3 x 8 display appears again, 
where the double polarization spin observable C is ex- 
pressed in terms of a helicity amplitude space matrix Cij : 
(7,^^ = 1 <i/|C,f^|H> with 



nN'V 



-( r 



16 




















































To illustrate our notation again, the following double spin 
observable 



r<N'v 

'^x',z' 



1 



< H I r^V I H >= n^^'"^ 



can be extracted from Eq. 3.2C| . Another example is 

1 
2 



< H I T^u^ \ H >=fl 



2,5 



Of the 24 possible recoil-vector meson spin observables, 
only 12 are nonzero. Near the vector meson production 
threshold, all of the above twelve double spin observables 
are nonzero, Ref. 0. 



6. Target-vector meson observables 



Finally, the target-vector meson {N — V) case has the 
same type of display with the double spin observable re- 
lated to a helicity amplitude space matrix by 



- <H\Cr,'\H>, 



with again a 3 x 8 matrix 



^10 



r9 ) 



a;2 



































^2 
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Of the 24 possible target-vector meson spin ob- 
servables, only 12 are nonzero. Near the vec- 
tor meson production threshold, ten of the above 
twelve double spin observables are nonzero; namely, 

f^NV f<NV f<NV fiNV f<NV fiNV fiNV fiNV fiNV f<NV 
xx' ^ zx^_^ yy' ^ xz' ^ zz' y^zzT^x.yzT^y.xz'i^y.xx^^x^xy 

see Ref. @. 

The significance of the boxed matrices will become 
clear when we discuss the transversity amplitudes. 



7. Some general remarks 



There are 99 possible double spin observables, which 
reduce to 51 after use of parity conservation. The to- 
tal number of nonzero observables near threshold is 37 
out of these 51, see Ref. |l^. There are 18 single spin 
observables (we count the cross-section as a single spin 
observable), which reduce to 8 using parity. Of these 
8, five are nonzero near or at threshold, which include 
the cross-section plus 4 vector meson spin observables; 
namely, T^XTTyyjT^^, and T^^. Since there are 12 com- 
plex amplitudes, one needs 24-1=23 independent mea- 
surements to determine the photoproduction amplitudes 
completely, with one overall arbitrary phase. At first 
glance, it would seem that with 8 single and 51 double 
spin observables, it suffices to do just selected single and 
double spin measurements to completely determine the 
12 amplitudes. This proves not to be the case. 

The reason for this conclusion is that many of these 
spin observables yield redundant information. In Section 
V, it is shown that spin observables of the same "phase 
class" can yield redundant information and that one 
needs to go beyond single plus double spin observables 
to obtain a complete set of experiments. The "phase 
class" will be defined later. 

Triple and also quadruple spin observables have been 
derived and complete the full set of 16 x 9 = 144 spin 
observables. The results are given in Appendix F. Before 
use of parity there are 243 triple spin observables; after 
use of parity conservation there are 123. Before use of 
parity there are 216 quadruple spin observables; after use 
of parity conservation there are 108. Many of these dou- 
ble, triple and quadruple spin observables involve linear 
combinations or the same BHP forms x uj^ that ap- 
pear in other single and double spin observables. That 
reveals many relations between spin observables and is 
an important advantage of the BHP display. 

The basic question is: which of these 8-1-51-1- 123-1- 
108 = 290 observables can and need to be measured to 
determine the 12 complex amplitudes? Clearly, 23 mea- 
surements are needed at each energy and angle, but they 
have to be selected to yield independent information. 
This problem is dealt with in Section V. In addition, one 
can ask which observables are expected to have nodes not 
only at the 0° and 180° endpoints, but also in between? 
That and related questions are addressed next. 
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IV. NODAL STRUCTURE-LEGENDRE CLASS 



Having expressed the spin observables for vector meson 
photoproduction in BHP form using the basic matrices T 
and w, we can analyze these matrices for insights as to the 
"nodal structure" of observables. Note that the original 
r and uj matrices can be organized into groups accord- 
ing to their common "shape;" let us call these groupings 
"Legendre classes." For example, the following matrices 
are of diagonal(I?) shape: F^ F^ F'^^; whereas, the 
following are antidiagonal (AD): F^ F"* F^^ F^. The re- 
maining eight matrices are either of one class (called PL 
for left parallelogram form): F^o F" F^^ r", or of an- 
other class (called PR for right parallelogram shape): F^ 
p8 pi2 pi6_ Similarly for the uj space, one has matrices 
of diagonal(Z)) shape: cu'^, antidiagonal(AL)) shape: 
uj^ uj^, crossed shape {X): uj^ uj^, oj^ uj'^' , and diamond 
or polygon (P) shape: ui'^ w^, uj^ liP . Explicit F and u; 
matrices are presented in Appendix B, where they are 
grouped together by their common, (_D, AD^ PL, PR)-ior 
F or (D, AD, X, P)-for ui, shapes. 

We stress classification of the matrices by their shape 
because classes of observables involving F and ui matrices 
of the same shape have angular dependencies given by 
related mixtures of the same Wigner d— functions. To 
illustrate this remark, let us consider the general spin 
observable Cl"-'^ , which is g iven in terms of the helicity 



amplitudes Ha.x^ (0) by Eq. [3.4 The helicity amplitudes 



have the following partial wave expansion 

HaxAo) - Y.(^Ji + dtfAJ(^)^ (4-1) 

Jl 

where Aaf and Aai take on the following values: 

Aa/ = Ay - Cq and Aai = ^q, 
where d = (2 = -Ca = = 1/2 and ^ = ^ 



1/2,^1 = ^3 = 3/2, see Eq. 2.5. Using the above expan- 



sion for HaXv and Hhy in Eqs. 3.1, 3.2, we have: 



a,b, Xv -A^ Jl . J2 

dt^cM(^)diJ^.-iuM (4-2) 

This bilinear form can be combined to extract the depen- 
dence on a single Wigner— d. One finds: 

J, A A' a,b, \v,yv 

dl^,{0)xE{'^P[ab;\v,X'y] , (4.3) 



with 



"A,A''' i^^' ^V, Ay] = 

o / J ab Ava' aXv oA' 



2 

Jl,J2 

Jl J2 J 

Ay — Ca Ay — Cb A 





J2 




) £ 


6 


i) 



(4.4) 
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Note that A depends on the helicity labels a, b and 
Ay, X'y, while A' depends only on the helicity labels a, b. 

To understand the consequence of the above result, se- 
lect a particular choice of spin observable by designating 
the associated values of a, and /3; fo r exa mple, take 10, 1 
for the target polarization, see Eq. ^.15 , Now consider 



the full family of T x lu matrices with the same matrix 
"shape" for both T and cu. That family is called a "Leg- 
endre class." For the target polarization case, the matrix 
products rio,ii,i3,i4 ^ 1^1,4 g^j.g g^jj |,]^g same shape and 

thus the associated spin observables form a "Legendre 
class." (The members of this target polarization class will 
be discussed later.) 

Since all members of a "Legendre class" vanish for the 
same (a, 6; Ay Ay) values, they are all formed from the 



same set of Wigner d-functions, d^^, (6*) of Eqs. 4.3-4.4 
If, for example, every member of that set of Wigner d- 
functions vanishes at 0° and 180°, then every member of 
that "Legendre class" of spin observables will also vanish 
at 0° and 180°. Similarly, if every member of that set of 
Wigner d- functions has a zero or a node at 90°, then ev- 
ery member of that "Legendre class" of spin observables 
will also have a zero or a node at 90°. These observations 
follow from the fact that these families of spin observ- 
ables are all expressed by various combinations (see S, 
above) of the same set of Wigner d-functions. The mix- 
ture coefficients, S, do depend on the partial wave helicity 
amplitudes, which is how dynamics of the reaction affects 
the detailed angular dependencies. If one truncates the 
partial wave expansion due to either threshold or res- 
onance considerations, then the blend of Wigner d's is 
strongly restricted and one can demonstrate explicit asso- 
ciated angle dependencies of the spin observable profiles. 
For example, if only one Ji , J2 set of partial wave helic- 
ity amplitudes are nonzero, then using the triangle rule 
J — Ji + J2 ■ ■ ■ Ji — J2, only a limited number of J val- 
ues appear, which severely restricts the nodal structure. 
That allows one to test and extract specific dynamical in- 
formation from the nodal structure and energy evolution 
of spin observables (see Ref. [|j). 

Thus the angular dependencies of spin observables can 
be grouped into classes with the same potential 

nodal structure (hence the nomenclature Legendre class) . 
To examine the general role of resonances on the nodal 
structure of spin observables, it is most convenient to 
introduce explicit orbital angular momentum quantum 
numbers. Therefore, in a separate paper Ref. ||l^ the 
electric and magnetic multipole amplitudes for vector me- 
son photoproduction are studied in detail. 

Another way of examining the angular dependence of 
a Legendre class of spin observables is to return to the 



partial wave expansion, Eq. 4.1, For a given Legendre 
class, only selected values of a and Ay appear. Thus, 
one can pick the corresponding helicity amplitudes from 
the first column of Table ||, then proceed to the partial 
wave helicity amplitudes and the associated Wigner d— 
functions in the second and third columns. The fourth 
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column gives the range of J needed for that amplitude to 
contribute; while the last two columns indicate the value 
of the Wigner rf— function at the 0° and 180° endpoints. 

TABLE I. Partial Wave expansion of the helicity ampli- 



tudcs. The associated Wigner fi— functions are shown along 
with an indication of their values at the 0° and 180° end- 
points. Six of the helicity amplitudes Ha,\Y (9) vanish at both 
endpoints; namely, _H"i,i, i!fi,o, -ff2,-i, -ffa.o, -^3,-1, -ff4,i- Three 
of the helicity amplitudes vanish only at the 0° endpoint; 
namely, Hi.-i, H2A], H^.-j. Throe of the helicity amplitudes 
vanish only at the 180° endpoint; namely, H2,i, Hj,^i, H^fi. 








J 


0° 


180° 


i31,l(6/j 


-"1,1 


dl/2.?,/2{9) 


J > 6/2, 


U 


U 




Hi,! 


d'!/2,!/2i^) 


J > 1/2 


1 









'^3/2,3/2 (^) 


J > 3/2 


1 







Hi,i 


'^3/2, 1/2 (^) 


J > 3/2 










Hifi 


'^-1/2,3/2 (^) 


J > 3/2 












'^'-1/2,1/2 (^) 


J > 1/2 





1 




Hifi 


'^1/2,3/2 (^) 


J > 3/2 












'^1/2, 1/2 (^) 


J > 1/2 


1 





Hi,-i{e) 


Hi-, 


'^-3/2,3/2(^) 


J > 3/2 





1 




Hi,-! 


'^-3/2,l/2(^) 


J > 3/2 








H3,-i{e) 


Hi,-! 


'^-l/2,3/2(^) 


J > 3/2 










Hi,-! 


'^-1/2,1/2 (^) 


J > 1/2 





1 
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Using this table, one can deduce which observables are 
zero at the endpoints. For example, consider the Legen- 
dre class of observables for which both T" and cu^ are 
diagonal, e.g., the class: r^''^-^'^^ x uj^-'^. These observ- 
ables depend on linear combinations of X^aAv ^\-^a,Xv 
From Table | it follows that the associated observables 
do not necessarily vanish at the end points. In this di- 
agonal Legendre class the single and double observables 

are: X,C2;,C2f ,C,^7,Cr,Cf^ and Cf/'. This infor- 
mation is extracted from Tables |ll - [11 , where the relation 



between the a and f3 choices of the matrices are related 
to explicit spin observables. 

Another example of how to use Tables ^ - HI to deduce 



the endpoint behavior of a given Legendre class of ob- 
servables is seen by examining the Legendre class of ob- 
servables for which both F" and oj^ are antidiagonal, 
e.g., the class: T'^'^'®^'' x uj^'^. Only the hehcity ampli- 
tude products with a,b = (1,4), (2,3) and Ay — —Ay 
appear for these observables. Now using Table | with 
those products, it follows that this Legendre class in- 
volved bilinear helicity products that vanish at both 0° 
and 180°. From Tables ^ we learn that the sin- 
gle, double and triple spin observables of this class are: 
V r''^ r^^' ri^ pNN'v ^nn'v ^nn'v ni^'v , 

^i^yz' ^^yz' ^^yz ^^xy'A ^^xzz' ^'^yx'4 ^'^xz'z' ^^-^"-^ 



^■yNN' 
xzz' 



1-1 r— -1 

The procedure consists of using Tables |I| pi| along with 
the Legendre class information to determine the end- 
point rules. Alternately, one can use the general results 
Eqs. U-U. 



V. TRANSVERSITY, PHASE CLASS AND 
COMPLETE EXPERIMENTS 

A. Trans versity 

1. Pseudoscalar meson transversity 

Let us deal with the question of which experiments are 
needed to determine the magnitude and phase of the 12 
helicity amplitudes for vector meson production. Clearly, 
23 experiments are needed at each energy and angle. It 
is well known that for pseudoscalar meson photoproduc- 
tion, it is possible to determine the magnitude of the 
four transversity amplitudes by measuring all four sin- 
gle spin observables. The remaining three phases (one 
overall phase is arbitrary) can be determined by select- 
ing three additional double spin observables, following 
the BDS |l0|jl|] rules. The pseu doscalar meson case can 



be recovered from Eqs. 3.7- |3.1C , by setting uj^ — 1 and 



omitting all observables which involve a final meson spin 
of 1. In that limit, the BDS rules can be understood by 
performing a unitary transformation on the F matrices 
along with a unitary transformation on the helicity am- 
plitudes to generate the transversity amplitudes \H >: 
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\Ha E uSl^^f >' (5-1) 

b 

and a new set of T matrices 

f" = u(^) U^'''^'. (5.2) 

The sixteen spin obscrvablcs are invariant under such 
a unitary transformation in "helicity space;" 



Q." (X < H \V'^\H >=< H \r" \ H> . 

The physically meaningful unitary operator is the 
transversity choice, 



1 i —i 
1 i i 
V 1 -i -i 



(5.3) 



which involves rotating the helicity quantization axis {z 
and z') to the direction normal to the scattering plane 
y = y', see Fig. 1. With the above 4x4 unitary transver- 
sity transformation, the following matrices now are diag- 
onal: 

pl p4 plO pl2. 

whereas, the following are now antidiagonal: 

p2 p7 pl4 pl6 

The remaining eight matrices are either of one class 
(called PL for left parallelogram form): 

p6 p8 pl3 pl5 

or of another class (called PR for right parallelogram 
form) : 
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pd p5 p9 p 



2. Vector meson transversity 

The above procedure can now be extended to the 
vector meson case by introducing an additional unitary 
transversity transformation in the 3x3 space 



U(3) = i -V2t -V2i , (5.4) 





which makes the y-axis the quantization axis for the spin- 

1 meson. Correspondingly, there is now a transformation 
in "helicity space:" < H |r" u>^\ H >=< H |r" w'^] H >, 
with 
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For the vector meson part of the transversity to space, the 
foUowing matrices now have diagonal {D) form: uj^ 
u)^\ antidiagonal [AD) form: w^; crossed {X) form: 
uj^ Zr' u)^ ZP ; and diamond or polygon (P) shaped 
form: u? uj^ 5^ uP . We have extended the definition 
of transversity amplitudes to the case of a vector meson. 
The original expressions for the spin obser vab l e pro files 



fl"'^ are of the same form as given in Eqs. 3.7-3.22 



cept that the helicity amplitudes Hax^ are replaced by 
the transversity amplitudes i?a,Av , and the matrices are 
replaced by F" — s- F" and lo^ — s- uj^ . In this new repre- 
sentation the diagon al ter ms are indicated by the boxed 
matrices in Eqs. 3/?- 3.22 . The shapes of the tranversity- 
transformed matrices are presented in Appendices C & 
D. 



B. Phase class 



As discussed in Appendices C & D, the shape of 
the F, uj allows us to group these matrices into "phase 
classes." As in the "Legendre classes" of the original ma- 
trices F, 07, the shapes are defined by where nonzero en- 
tries appear in the matrix. The classification into: di- 
agonal, antidiagonal, left parallelogram, right parallelo- 
gram; crossed, and polygon shapes is of significance in 
that these shapes select the contributing bilinear helic- 
ity products. For example, if in the product F"a;'^ both 
matrices are diagonal, then that observable depends on 
linear combinations of the product:] lla,\v P • If on the 
other hand the matrix product F"a;'^ has an entry at the 
location a, 6 in the F space and at the location Ay, Ay in 
the u) space, then that observable depends on the follow- 
ing product: 

^a.Av^b,A'^ =1 ila,\v I I ^b,A'^ I Cxp i ((/.f,^ y^, - 0a,Av), 

where Ha.\y =\ i?Q,Av I exp i((?!)a,Ai, ), etc. Thus, the 
shapes of the matrices in the tranversity description tell 
us which phases 0f, y — 4'a \v = '/'x'" \ are needed to 
determine the associated spin observable. In Fig. g, the 
basic problem of determining the twelve amplitudes is 
illustrated, where the lengths of the vectors correspond 
to the magnitude of the transversity amplitudes, and the 
phases of these complex amplitudes are also shown. To 
fix this diagram, we need to determine 12 magnitudes 
and then 11 phases; one overall phase and the overall 
orientation of the diagram of Fig. y is arbitrary. This sit- 
uation is a generalization of the pseudoscalar case, which 
is described in Appendix E and by Fig. 3. 



C. Complete experiments 



The phase classification of the transversity matrices 
are a guide to the task of picking a complete set of 
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experiments. Thus the procedure is to first select ex- 
periments which give information about the magnitudes 
of the 12 transversity amplitudes and then to pick ex- 
periments which yield nonredundant phase information. 
In the pseudoscalar case, the single spin observables 
yield the magnitudes of all four transversity amplitudes. 
Then three double spin observables, selected using the 
BDS rules, yield three phases. The task is similar 

for the vector case, but the result is more complicated. 

To extract the magnitudes of the transversity ampli- 
tudes, we need to examine all observables for which both 
and u)^ are of the diagonal phase class. These observ- 
ables are produced by all products: r^'^. 10.12 x uJi'^'^^ see 
Appendix C and D. 

In the vector meson case there are only eight indepen- 
dent single spin observables, so we learn that this case is 
not as favorable as the pseudoscalar meson case, where 
the single spin observables sufficed to determine all four 
amplitude magnitudes. Indeed, the situation is that only 
six of the vector meson photoproduction single spin ob- 
servables are of diagonal form; namely, X, T, P/v' 1 5], Py 
and the tensor polarization Tyy . Thus we need to turn to 
the double spin observables for the remaining six diago- 
nal phase class matrices reside. Therefore, for vector 
meson photoproduction it is not possible to de- 
termine the magnitudes of the twelve transversity 
amplitudes by only measuring six single spin ob- 
servables. 



VI. CONCLUSIONS 



Several conclusions can be drawn from describing spin 
observables for vector meson photoproduction in bilinear 
helicity product form. Here one essentially extends the 



BDS [g^ 11 1 rules to include the vector meson degree of 
freedom. 

The diagonal matrices in the transversity basis are in- 
dicated by boxes in Eqs. |3.22 . For the corresponding 



observables, the diagonal nature of the product 5^ 
means that those observables depend on linear combina- 
tions of the squared magnitude of the transversity ampli- 
tudes, e.g., they depend on combinations of ±|i^i^A^,p. 

Those experiments which depend only on the magni- 
tude of the transversity amplitude are the following six 
single spin observables: 



X, T, PjSl' , S, Py, Tyy, 

plus the following six double spin observables: 

^7Af f^^N' pNN' fiiV pNV /-iN'V 
xy ' xy ' yy ' xy ' yy ' yy 

Note the above x-component for the photon beam cor- 
responds to a photon linearly polarized perpendicular to 
the scattering plane 0. In contrast to the pseudoscalar 
meson production case, the magnitudes of the transver- 
sity amplitudes for the vector meson case can not be de- 
termined by just single spin observable measurements. 
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one needs to also perform six double spin measurements. 
Only six of the eight independent single spin observables 
are of diagonal form; the remaining two single spin ob- 
servables provide transversity amplitude phase informa- 
tion. In addition, of those six double spin observables 
three involve measuring the spin state of the final vector 
meson (via its decay) 

p-^V fiNV pN'V 

two require a polarized photon beam 

^ xy 7 ^ xy 

and one requires a polarized target and measurement of 
the spin state of the recoil final baryon 

^yy ■ 

That sets the task for determining the magnitudes of the 
transversity amplitudes, which provide the most conve- 
nient situation. Note that near threshold, the two spin 
observables CJ.^I' , and C^^ vanish. 

Observables for which both F" and cj^^ are not diagonal 
depend on transversity amplitude phase differences. As 
an extension of the BDS rules for the pseudoscalar me- 
son case, these transversity phase-dependent observables 
form phase classes in which some experiments provide 
redundant phase information. A graphical procedure for 
analyzing the redundancy and phase class of experiments 
for vector meson production is illustrated in Fig. 2. 

The procedure consists of picking a set of phases be- 
tween transversity amplitudes that correspond to a given 
phase class for the F and cu matrices. Then list all the 
T xuj matrices of that same phase class. It is best to start 
with the two spin spin observables that are not diagonal 
in the transversity basis; for example T2o,T2i. The cor- 
responding experiments can be selected from Tables II 
& III, where only the number crrcsponding to the num- 
ber of unknown phases need to be performed. In that 
process, some experiments prove to be feasible, some are 
difficult if not impossible; indeed, in some cases one needs 
to go to triple spin observables. In any event, this selec- 
tion procedure can be used to answer the question of the 
experiments needed for a full determination of all phases 
and also which ones will be extremely difficult to deter- 
mine because of realistic experimental conditions. 

In addition to these features of using the bilinear he- 
licity product form, one can deduce many other aspects 
of spin observables based on general knowledge of the 
properties of the F" iv^ matrices. For example, when a 
"Lorentz" {S 'y^S~^ = -y") transformation or a parity, 
chirality or time reversal operation is performed on the 
F" and w'^ matrices in the "helicity amplitude space." 
they reveal linear relations between spin observables. If 
Fierz transformations arc made on the F" and u}^ matri- 
ces, again in helicity space, then quadratic relationships 
between spin observables are readily deduced. 
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An important part of our analysis is the use of transvcr- 
sity amplitudes. Many other types of amplitudes can be 
defined. For example, one can use the unitary transfor- 
mations from the Dirac 7— matrices to the chiral, Majo- 
rana or other 7— matrices sets to define new amplitudes; 
corresponding unitary transformations in the vector me- 
son helicity 3-space can also be invoked. Thus the ampli- 
tude basis is hardly unique and one can deduce other sets 
and therefore deduce other spin obscrvablcs as the ones 
to measure to determine the magnitude and/or phases 
of these alternately defined amplitudes. However, there 
is something very special about the transvcrsity ampli- 
tudes, which is closely related to using the normal to the 
scattering plan as the spin-quantization axis. The special 
property is that the transversity amplitudes make the op- 
timum number of single spin observables independent of 
amplitude phases. Correspondingly, phase information is 
relegated to the more complicated spin observables. This 
is most dramatic for the four single spin observables for 
pseudoscalar meson photoproduction in that single spin 
observables provide the magnitude of all four transver- 
sity amplitudes. That simplification is also of benefit for 
vector mesons, which suggests that there are compelling 
reasons to use transversity amplitudes. 

We hope that the procedure described here will be 
useful in ascertaining the information content and the 
nodal behavior of vector meson spin observables and in 
planning experiments. Measurement of all spin observ- 
ables needed to fully determine the twelve amplitudes 
is probably not feasible, although it is good to know 
what is needed for that full task. Even without a full 
experimental determination of the photoproduction am- 
plitudes, it is possible to extract useful dynamical infor- 
mation, which is not an uncommon situation in strong 
interaction physics. 
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APPENDIX A: BASIS MATRICES 

1. Four X four— matrices 

The basic properties of the 16 Hermitian F matrices are 
presented here. These are well-known matrices, except 
that we have made them Hermitian in order to generate 

real obscrvablcs when used in the 4-dimcnsional part of 
our helicity space amplitudes. The basic properties are: 

Tr[ Tl^ ] = 4 6„ T"^ = F" 

These permit one to expand any 4x4 matrix X in terms 
of the F's and to extract the expansion coefficients 
using: X = F^ and C/} = \ Tr[ F^^ X]. The 
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definition of tfie F m atrices in terms of 7'^, 7^, cr'"^ ■ 
presented in Eq. |3.3|. 



2. Three x three— matrices 

The basic properties of the 9 Hermitian cu matrices are 
presented here. These are Hermitian in order to generate 
real observables when used in the 3-dimensional part of 
our hehcity space amphtudes. The basic properties are: 

Tr[ ] = 3 So^p = 

As in the 4x4 case, these properties ahow one to expand 
a general 3x3 matrix and to extract the associated ex- 
pansion coefficients. 

The nine u matrices are defined in the text as a unit 
matrix, plus three vector spin-one matrices, plus a rank-2 
tensor. As given earlier the Cartesian form of the rank-2, 
symmetric Hermitian tensor is: 

SiSj -\- SjSi 2 

'-ij — 2 3 

The associated spherical tensor form is: 
I3 1 



t20 = \/| T,, ^--^(w'^-f W^) 



t2±l = T{txz ± ityz) = T^('^^ ± it^'^), 

V6 



where these are also expressed in terms of the Cartesian 
rank-2 tensor or the lu^~^ matrices. 

The following diagonal terms are of particular interest: 



, _ ^22+ ^2-2 ^20 _ c2 2 

tyy - 2 7! ' ^ " 3' 



, _ ^22 + ^2-2 ^20 _ q2 2 

t,, - + 2 7i " " ^ 3- 

Here the matrix ty is mapped to the rank 2 spherical 
tensor operator t2^', it is used in the BHP form for spin 
observables. The same rules apply to the operator T2^, 
which appears in the trace form for spin observables. 



APPENDIX B: ORIGINAL-BASIS MATRICES 

1. Original four x four 

The sixteen F matrices can be grouped into four 
classes with four members in each class according to 
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their "shape." By shape, wc mean the location of 
nonzero entries. For the original(Dirac) Hermitian matri- 
ces the shapes arc: diagonal(_D); antidiagonal(A£'); left 
parallelogram(Piy); and right parallelogram(Pi?). The 
first Legendre class is of diagonal shape(L') and has 
pi,2,9,i5 j^g members: 



o 

b 

c 

d 



a h c d 

Ti +1 +1 +1 +1 

Fa +1 +1 -1 -1 

Tg +1 -1 +1 -1 

ri5 -1 +1 +1 -1 



The second Legendre class is of antidiagonal shape(AD) 
and has r^'*'^''^ as its members: 



Fad = 



a 

6 

c 

d 



abed 
Fa +i +i —i —i 
Va +1 -1 -1 +1 
Te -1 -1 -1 -1 
+i —i +i —i 



The third Legendre class is of left parallelogram 
shape(PZ/) and has r^°'^^'^^'^^ as its members: 



a 

6 

c 

d 



a 

Fio +i 
Fii -1 
Fia -1 
Fi4 +i 



bed 
~i +i ~i 
-1 -1 -1 
-1 +1 +1 
—i —i +i 



The third Legendre class is of right parallelogram 
shape(Pi?) and has r^°'^^'^^'^^ as its members: 

a 6 c d 

Fs +i —i —i 

; Fs -1 +1 -1 +1 . 

—i —i +i +i 

Fie +1 +1 +1 +1 

These shapes are important for the determination of the 
angular dependence of spin observables, e.g., their nodal 
structure. 

Later, the associated shapes for the transversity trans- 
formed matrices T will be presented, which are useful for 
the analysis of a complete set of experiments. 



a 

6 

c 

d 



2. Original three x three 



The nine w matrices can also be grouped into 
four classes according to their "shape." By shape, 
we mean the location of nonzero entries. For 
the original Hermitian matrices, the shapes are: 
diagonal(£'); antidiagonal(^£>); diamond or polygon(P); 
and crossed(X). In this case there are two D, one AD, 
four P, and two X matrices, which accounts for the nine 
uj^ matrices. In addition, we classify the three matri- 
ces o;^'^'*^, which are particular linear combinations of 
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1^1,8,9^ see Eqs. 3.17- B.16 . The matrix w"* is antidiag- 
onal; whereas cu" and uj^ are of crossed X shape. The 
exphcit forms are: 



a 
6 
0c 

0a 
6 
c 



uj4 



uj5 



a 

+ 1 

2 



c 

+1 

V3 



;V6 



LOA -1 +1 -1 



LJp 



LOx 



a 

6 0c 

d 

a 6 

c 

d e 



lj2 



a 

2 



b 

I V3 
^ 2 

I ya 

^ 2 



+ 



0.6 +^ 
0.7 -i^ 



c 

2 

' 2 
vl 
2 



d 

^ 2 
2 



" 2 
' 2 
2 



6 


C 


d 


e 


1 


+ 1 


^ 2 


1 


^ 2 


2 


-/a 


+ 1 




1 


2 


2 


2 




+ 1 


1 
2 


V3 
2 




+ 1 


1 
2 


1 

^ 2 



The classification of these matrices are helpful in the 
analysis of the angular dependence of spin observables, 
e.g., of the "Legendre class" and the associated nodal 
structure. The associated shapes for the transversity 
transformed matrices cD, which are useful for the anal- 
ysis of a complete set of experiments, will be presented 
later. 



APPENDIX C: TRANSVERSITY-BASIS 
MATRICES 



Introducing the transversity amplitudes involves a uni- 



tary transformation of the basis matrices, see Eqs. 5.1 



5.4. These transformed matrices are presented here for 
the 4 X 4, r and 3 x 3, cases. 



1. Transversity four x four 



After the transversity transformation, the sixteen T 
matrices still form four classes, with four members in 
each class. Since these matrices are part of the analysis 
of which experiments are needed to determine the mag- 
nitude and phase of the transversity amplitudes, we refer 
to these as the "phase class." 

The first phase class is of diagonal shape(I?) and has 
pi,4,io,i2 'i-g ixiembers: 



a 

6 

c 

d 



abed 
?! +1 +1 +1 +1 
£4 +1 +1 -1 -1 
£10 -1 +1 +1 -1 
ri2 -1 +1 -1 +1 
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The second phase class is of antidiagonal shape^(£>) and 
has r^'^'^^'^^ as its members: 



a 

6 

c 

d 



abed 
£2 +1 +1 +1 +1 
Ft —i —i +i +i 
£14 -1 +1 +1 -1 
Fie +i —i +i —i 



The third phase class is of left parallelogram shape(Pi) 
and has r^'^'^'^'^^ as its members: 



a 

b 

c 

d 



abed 
fe -1 -1 +1 +1 
Fg — i +i — i +i 
F13 +i —i —i +i 
Fis -1 -1 -1 -1 



The fourth phase class is of right parallelogram 
shape(Pi?) and has F'^'^'^'^^ as its members: 



a 

6 

c 

d 



F3 — i — i +i +i 

£5 +1 -1 +1 -1 

£9 +1 +1 +1 +1 

Fii +i — i — i +i 



APPENDIX D: TRANS VERSITY THREE x 
THREE 



After the transversity transformation, the nine 
Lu matrices still form four classes. For these 
transversity Hermitian matrices, the shapes are still: 
diagona^D); antidiagonal(v4£'); diamond or polygon(P); 
and crossed(X). In this case there are two D, one AD, 
four P, and two X matrices, which accounts for the nine 
iv^ matrices. In addition, we classify the three matri- 
ces uj^'^''^ , which are particular linear combinations of 

'1,8,9 



w"'"'", see Eqs. |3.17| - ^.IG^ The matrix oj'^ is now diago- 
nal; whereas and uj'^ are of crossed X shape. 

The first phase class is of diagonal shape(I?) and has 



'1,3, A 



as its members: 
a 
UJD ^ b 
0c. 



The second phase class is of antidiagonal shape(AI?) and 
has uj^ as its sole member: 





a 


b 


c 




+1 


+1 


+1 




1 -/a 







' 2 


2 


~A 


+1 


-1 


+ 1 



LOAD = 



0a 
6 
c 



a b 
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The third phase class is of polygon shape(P) and has 
^2,4,5,7 ^Q^j. niembers: 



UJp = 



a 

b c 
d 



oj2 

ZjA 

ZjJ -i 



a 


6 


c 


d 






\/3 




2 




2 


2 


' 2 


+4 


' 2 






_ vl 


1 


_|_ 

2 


2 




2 


' 2 






' 2 



The fourth phase class is of crossed shape(X) and has 
^8,9,B,C j|.g Jq^j. members: 



a 
c 
.d 



wC7 



a 

4 
4 



4 

3-^ 



4 

1+V3 
4 



4 

3-V3 



1+V3 
2 

l-\/3 
' 2 

2 



4 

3-V^ 

4 

3+v^ 
4 

3-v^ 



e 

4 

1+V3 

4 

4 

l+\/3 
4 



These phase classes are useful in specifying the experi- 
ments needed to determine the magnitude and phases of 
the 12 complex transversity amplitudes. 



APPENDIX E: PSEUDOSCALAR MESONS 



We can return to the case of pseudoscalar meson photo- 
production by omitting all vector meson spin observables 
and by replacing all w matrices by zero, except for the 
ui^'^ — > 1 case. In addition, the twelve amplitudes reduce 
to four: Ha,\^, Ha- This limit is equivalent to looking 
at the Ay ^ terms only. For the pseudoscalar meson 
case, we next present the BHP spin observable profiles. 



1. Single spin observables 



There are four single spin observables for pseudoscalar 
meson photoproduction, where we include the cross- 
section: 



CROSS - SECTION : 7 = ^ < \H > 



RECOIL :Pjv' = ^ < ^1 
BEAM : t= I <H\ 



t12 



\H > 
H> 



(El) 



TARGET: T= --<H\\T^\H> (E2) 



(E3) 
(E4) 



Note that all of these single spin observables are diagonal 
in the transversity amplitude case, which is the meaning 
of the boxed P matrices. Therefore, measurement of the 
four spin observables yields the magnitudes of all four 
transversity amplitudes Hi - ■■ H4. To determine the am- 
plitude phases, one needs to measure double spin observ- 
ables. 
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2. Double spin observables 



There are four transversity amplitudes and hence four 
amphtude phases; however, one overaU phase is arbitrary. 
Therefore, one needs to perform three measurements to 
fix these three phases, see Fig. 0. 



BEAM - TARGET : C 



-fN 



Q-fN _ 



- 


ri2 


^ 






-Pn' 












]- 


H 





G 
















E 



BEAM RECOIL : C 



,-fN' 



<H\Qf\H> 



Q-fN' _ 






plO 












pl6 





-r2 



-T 
= 10.' O,, 

c^, a- 



TARGET - RECOIL : C 



NN' 



<H\C, 



NN' 

i'j 



H > 



^NN' 



_r6 





_ri3 ^ 





















-S 


r8 





pl5 J 










The three boxed F matrices in the above double spin 
observables, already appeared in the single spin observ- 
ables. Thus there are only four, instead of five, members 
in each of the above double spin categories. In particular, 
the following double spin observables are equal to single 
spin observables: 



Q-fN 



Pn' C 



-fN' 
xy' 



-T C. 



NN' 

yy' 



These equalities are direct consequences of parity conser- 
vation. For the vector meson case, the appearance of the 
u!^ matrix in the corresponding double spin observables 
yields linear relations between observables, not the above 
restriction; hence, in that case there are five double spin 
observables in these categories. 

In addition, the F" matrices for each double spin ob- 
servable are of the same "phase class." For a = 
3, 5, 9, 11 appear, which are of phase class PR. Based on 
this shape category,these observables depend on the fol- 
lowing relative phases: 0i_3, 02,4- For C^^ a — 2,7, 14, 16 
appear, which are of phase class AD. Based on this shape 
category,these observables depend on the following rela- 
tive phases: </'i,4,02,3- For C'^^ a = 6,8,13.15 appear, 
which are of phase class PL. Based on this shape cat- 
egory,these observables depend on the following relative 
phases: (/'i,2, 4>3,4:- Here, we label the phases using (l)a.b for 
the phase difference (/)a,6 — 4>a — 4>b between the transver- 
sity amplitudes Ha and Hb, see Fig.||. 
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Making three measurements of the same phase class 
observables would be redundant; only two are needed for 
the two phases. The third measurement should be taken 
from another phase class. Thus one needs three double 
spin measurements, but not more than two from a given 
phase class. Here we have presented a derivation of the 
BDS [p^|jTl| ] rules, based on the shape of the F matrices 
and the geometric picture of the transversity amplitudes 
shown in FigJ|. The advantage of this rendition of the 
BDS theorem is that it can be generalized to the case of 
vector meson photoproduction, see Fig.^. 



3. Triple spin observables 



In the pseudoscalar meson case, the following triple 
spin observables can be derived in the BHP form. Again, 
the triple spin observables are displayed in a Cartesian 
format with: 

C'l,"' ^\ <i?|C,f~'|i/>, (E5) 
= i <H\C;^^^'\H>, (E6) 
C'l/ = 1 <i?ICr'|i/>, (E7) 



^xij — 


^ri5 












I ri3 










_r9 


" \ 






~E 





F2 





ri6 




(I 





-a. 





-F" 


/ 




\ 


F 






GO 

^^NN' ^ I r7 Fi4 1 = I -o.' o,. 






-F3 





F^ 





pl4 





r5 






H Q 



Here all three particles with spin are involved. Of the 
3x9 possible triple spin observables, 15 are nonzero. 
Three of these are equal to spin spin observables and 
the remaining 12 are equal to double spin observables. 
Therefore, there is no new information in triple spin ob- 
servables for pseudoscalar meson photoproduction, and it 
is fortunately not necessary to consider such complicated 
measurements. This is not the case for vector meson 
photoproduction. 



APPENDIX F: VECTOR MESONS 



The single and double spin observables were presented 
in the text. Using the BHP approach and MAPLE, it is 



possible to derive explicit expressions for the triple and 
quadruple spin obscrvables for vector meson photopro- 
duction. Triple spin observables involve the spin of three 
particles, including the vector and tensor polarization of 
the vector meson. 



1. Triple spin observables 

There are four types of triple spin observables. The 
first three types, N,N',V, 'y,N',V, and j,N,V involve 
the vector meson. The fourth type involves the 7, N, N' 
particles and does not include the vector meson; 
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2. Quadruple spin observables 

Quadruple spin observables involve the spin of all four 
particles, including the vector and tensor polarization of 
the vector meson. Of course all of these involve the vec- 
tor meson, including its vector and tensor polarization; 
hence, the 3x8 Cartesian display appears again. The 
question arises: Are all of the quadruple spin-observables 
redundant? In the pscudoscalar meson case the full case 
of triple spin observables were redundant in that they 
were all determined by single and/or double spin observ- 
able measurements. In the vector meson case, we have: 
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FIG. 1. The coordinate system and kinematical variables for vector meson photoproduction. Here V denotes the vector 
meson and Xv its hehcity. 

FIG. 2. This diagram displays the magnitudes and selected relative phase angles of the twelve transversity amplitudes 
^^lAv ■ ■ ' H4Xy (with \v = 0, ±1) for photoproduction of vector mesons. The twelve complex amplitudes are determined within 
an overall phase if the twelve magnitudes and eleven angles are fixed by 23 appropriate measurements. The magnitudes are 
determined by measuring six single spin obsorvablcs plus six double spin obscrvablos, sec the text. Then independent phase 
angle measurements are made by selecting spin observables from different "phase class" observables. The phase angles are 
labeled by the convention (j^XyX' 

_FIG._3. This diagram displays the magnitudes and selected relative phase angles of the four transversity amplitudes 
Hi - ■ ■ H4 for photoproduction of pseudoscalar mesons. The four complex amplitudes are determined within an overall phase 
if the four magnitudes and three angles are fixed by seven appropriate measurements. The magnitudes are determined by 

measuring the four single spin observables, then independent phase angle measurements are made by selecting three double 
spin observables from at legist two different "phase cIeiss" observables. The phase angles are labeled by the convention cj)"* 
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TABLE II. Spin Obscrvablos in BHP form as 


products of r™, 


and uj'^ matrices. 


Here the 


a = 1 • • • 16, /? = 1 - 


- 9, A, B, C range is 


displayed. 


Single, double and triple, but not quadruple. 


spin obscrvablos arc 


shown. The entries of "phase 


class" VpL xZjp do not appear-they are all 


quadruple spin observables. 










a\P 1 


2 


3 


4 


5 


6 


1 T 


zx' 




zz 


p-lV 


V 3-'21 


2 -C"",' 

zz' 


pN'V 
~'^z'x' 


p-jN'V 
zz'y' 


pN'V 
'^z'z' 


pN'V 


pl'N'V 
'-zz'B 


3 

zxy' 


_pNN'V 

xy X 


_p-tNV 
yzy' 


pNN'V 
xy' z' 


pNN'V 
^xy'i 


p-lNV 
xyy' 




pNN'V 
^xz5 




pNN'V 
^xz4 


pNN'V 
xzz' 


_pjNV 
yz5 


yy 


CY 


cY 

xy' 

_pNN'V 
yy'y' 


piV 


yz' 


pjV 
'^x5 

pNN'V 
'-yy'5 


5 _Q-iNN' 
zzy' 


p-yNV 
xx6 

pNN'V 
zy'x' 


_QlNV 
yxy' 


ptNV 
'-XX4 

pNN'V 
^zy'z' 


Q-(NV 
xxz' 

pNN'V 


p-yNV 
yx5 


° ~'~'xx' 




pNN'V 
xx'y' 






pNN'V 
xx'5 


J qjNN' 
zyx' 


Q-yN'V 
xz'6 


_Q-yN'V 
yz'y' 


p-yN'V 


xz' z' 


_Q')N'V 
yz'5 




pNN'V 
yx'x' 




pNN'V 


pNN'V 
'^yx'4 








yx' z' 




8 C^f 




_riNN'V 
zx'y' 






pNN'V 
'-zx'5 
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a\l3 
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2 
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4 


5 


6 
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nNV 
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zzy' 


'-zz' 


pNV 
~'-'z4, 


pfNV 
^zzb 
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zyx' 




QjNV 
zyz' 
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TABLE III. Spin Observables in BHP 
a = 1 ■ ■ ■ 16, f3 = 1 — 6 range is displayed. 


form as 


products of r™, 


and uj^ matrices. 


Here the 
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Fig. 1 : Pichowsky et al. "Polarization observables in vector mesonphotoproduction" 




